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We study multi-peak solitons on a plane-wave background in an erbium-doped fiber system with
some higher-order effects, which is governed by a coupled Hirota and Maxwel-Bloch (H-MB) model.
The important characteristics of multi-peak solitons induced by the higher-order effects, such as the
velocity changes, localization or periodicity attenuation, and state transitions, are revealed in detail.
In particular, our results demonstrate explicitly that a multi-peak soliton can be converted to an anti-
dark soliton when the periodicity vanishes; on the other hand, a multi-peak soliton is transformed
to a periodic wave when the localization vanishes. Numerical simulations are performed to confirm
the propagation stability of multi-peak solitons riding on a plane-wave background. Finally, we
compare and discuss the similarity and difference of multi-peak solitons in special degenerate cases
of the H-MB system with general existence conditions.
PACS numbers: 05.45.Yv, 42.65.Tg, 02.30.Ik
I. INTRODUCTION
Nonlinear waves propagating in an erbium-doped fiber
system have attracted special attention, since the reso-
nant absorption of the erbium-doped two levels system
is a good solution to the optical losses [1–9]. One of the
most well-known examples is the amplification and re-
shaping of optical soltion (bright soliton on a zero back-
ground) in a long-haul optical communication through
fibers with an active region doped with erbium atoms.
In this case, nonlinear wave propagation could possess
both the effects due to a mix of silica and erbium im-
purities. More specifically, the silica material gives the
group velocity dispersion and self-phase modulation ef-
fects, which is governed by the nonlinear Schro¨dinger
(NLS) equation; whereas Er impurities contribute to the
self-induced transparency (SIT), which is described by
the Maxwell-Bloch (MB) model [1–9]. As a result, the
constraint to the NLS soliton namely the optical losses
can be somewhat compensated with the effect of SIT. In
general, the dynamics of these waves in the erbium-doped
fibers is described by the coupled system of the NLS and
the MB equations [1–4]. It should be emphasized that re-
cent experiments have confirmed guided wave SIT soliton
formation and propagation by employing a few meters of
erbium-doped fiber [6–9]. Moreover, the coexistence of
the NLS soliton and SIT soliton has already been real-
ized experimentally [8, 9].
In addition to the classical solitons on a zero back-
ground, nonlinear waves on a plane-wave background
have recently been the subject of intensive investigations
in nonlinear optics [10, 11]. Generally, nonlinear waves
riding on a plane-wave background exhibit the onset of
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modulation instability, which are known as rogue waves
and breathers [10, 11]. In contrast to the soliton with sta-
ble structural feature, breathers and rogue waves are lo-
calized structures with unstable characteristic. Breathers
are the localized breathing waves with a periodic pro-
file in a certain direction; rogue waves are rare, short-
lived, and localized in both space and time, which are
some special cases of breathers [10, 11]. The correspond-
ing analogs of breathers and rogue waves in the coupled
NLS-MB system have been revealed [12–18]. However, it
was found recently that nonlinear waves on a plane-wave
background in the coupled NLS-MB system can display
structural diversity [17]. Remarkably, an interesting type
of solitons on a plane-wave background with a striking
multi-peak structure whose feature is completely differ-
ent from rogue waves and breathers is revealed [17]. It
shows that the multi-peak soliton exhibits both local-
ization and periodicity along the transverse distribution
arising from the interaction between NLS and MB com-
ponents, which cannot exist in the standard NLS system.
One should note that the NLS-MB model is available for
the pulse propagation in the picosecond regime [1–4].
But for ultrashort pulses (duration shorter than 100fs),
higher-order effects come into play and impact the char-
acters of localized waves significantly [19–22]. The re-
sulting higher-order NLS models thus describe the dy-
namics of nonlinear waves with higher accuracy than the
standard NLS equation. Recent studies have demon-
strated that the standard solitons do exist in a series
of higher-order NLS hierarchies, and the higher-order ef-
fects impact the velocity of solitons [23, 24]. On the
other hand, the existence of the multi-peak solitons in an
erbium-doped fiber system with some higher-order effects
is demonstrated [18]. However, important characteristics
of multi-peak solitons induced by the higher-order effects,
such as the velocity changes, localization or periodicity
attenuation, and state transitions, have not been revealed
so far, to our knowledge.
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2In this paper, we study the characteristics of multi-
peak solitons induced by higher-order effects in an
erbium-doped fiber system, which is governed by the cou-
pled Hirota and Maxwel-Bloch (H-MB) model. Our re-
sults show that the higher-order effects influence not only
the velocity but also the localization and periodicity of
the multi-peak soliton, which can be identified by the re-
lation between the background frequency q and the coef-
ficient of higher-order terms β. The propagation stability
of multi-peak solitons riding on a plane-wave background
is confirmed numerically.
II. THE H-MB SYSTEM AND EXACT
MULTI-PEAK SOLITON SOLUTION
We consider ultrashort pulses propagating a resonant
erbium-doped fiber system with the important higher-
order effects above governed by a coupled system of the
H-MB model [5]
Ez = iα(Ett + 2|E|2E) + β(Ettt + 6|E|2Et) + 2P,
Pt = 2iωP + Eη,
ηt = −(EP ∗ + PE∗), (1)
where E(z, t) is the normalized slowly varying amplitude
of the complex field envelope; P (z, t) is the measure of
the polarization of the resonant medium, which is defined
by P = v1v
∗
2 ; η(z, t) denotes the extent of the population
inversion, which is given by η = |v1|2 − |v2|2, v1 and v2
are the wave functions of the two energy levels of the res-
onant atoms; α relates to the group velocity dispersion
and the self-phase modulation; β (a small value) which
is responsible for the higher-order terms including the
third-order dispersion, self-steepening, and nonlinear re-
sponse effects; ω is the carrier frequency, and the index
∗ denotes complex conjugate.
In order to study multi-peak solitons on a plane-wave
background in the H-MB model, we first introduce the
following background solution with a generalized form
E1 = ae
iθ, P1 = ikE1, η1 = ωk − qk/2, (2)
where θ = qt+ νz, ν = 2k − q2(α+ βq) + 2a2(α+ 3βq),
a and q represent the amplitude and frequency of back-
ground electric field, respectively, and k is a real param-
eter which is related to the background amplitude of the
P component.
If the background amplitudes vanish, i.e., a = 0, k = 0,
Eq.2 reduces to the trivial solution, which can be used
to generate standard bright soliton solutions [5]. Corre-
spondingly, the impact of the higher-order effects on the
standard bright solitons and soliton interactions has been
studied [5, 15]. It is demonstrated that the higher-order
effects do not affect the soliton structure and they affect
merely the velocity of the waves.
Here in order to study multi-peak solitons on the plane-
wave background (2) in the H-MB model, we shall keep
a, k 6= 0. On the other hand, we pay our attention to
multi-peak structures in electric field, i.e., the pulse prop-
agation in the E component. We omit the results in the
P , η components, since their types of nonlinear waves are
similar to the ones in the E component with the same ini-
tial physical parameters.
By using the Darboux transformation technique [25],
the general first-order exact multi-peak soliton solution
on the plane-wave background in the E component is
given
E = E1
{
1 +
8b1m1[sin (σ + ψ1) + i sinh (τ − iψ1)]
m3 sinh(τ − iψ3)−m2 sin (σ + ψ2)
}
.(3)
It is evident that the solution is formed by a nonlin-
ear superposition of the hyperbolic function sinh τ and
trigonometric function sinσ on the background E1. This
unique nonlinear superposition signal exhibits the char-
acteristics of the nonlinear structures on the nonvanish-
ing background, which is expressed as:
τ = ζ(t+ V1z), σ = γ(t+ V2z),
V1 = v1 + γb1v2/ζ, V2 = v1 − ζb1v2/γ,
v1 = α(2a1 − q) + β(4b21 + 2a2 − q2 − 4a21 + 2aq)
+ k(ω + a1)/[b
2
1 + (a1 + ω)
2],
v2 = 2(α+ βq − 4a1β)− k/[b21 + (a1 + ω)2], (4)
ζ =
(√
χ21 + χ
2
2 + χ1
)1/2
/
√
2,
γ = ±
(√
χ21 + χ
2
2 − χ1
)1/2
/
√
2,
χ1 = 4b
2
1 − 4a2 − (2a1 + q)2, χ2 = −4b1(2a1 + q),
with the corresponding amplitude and phase notations:
m1 =
[
(2iq − 4b1 + 4ia1)2 + (2iζ + 2γ)2
]1/2
,
m2 = 2
[
(µ1 − µ2)2 − µ24
]1/2
,
m3 = 2i
[
(µ1 + µ2)
2 − µ23
]1/2
,
µ1 = 4b
2
1 + 4a
2 + (2a1 + q)
2, µ2 = ζ
2 + γ2,
µ3 = 4a1γ + 4b1ζ + 2qγ,
µ4 = i(4b1γ − 4a1ζ − 2ζq),
tanψ1 = (iq − 2b1 + 2ia1)/(iζ + γ),
tanψ2 = (µ1 − µ2)/iµ4, tanψ3 = −(µ1 + µ2)/iµ3.
Here, ± in γ depends on χ2 ≤0 and χ2 >0, respectively.
The above solution depends on the background wave am-
plitudes a, k, the background wave frequency q, the real
nonzero parameters a1 and b1, the carrier frequency ω,
and the real parameters α and β.
One should note that the multi-peak soliton exists un-
der the condition v2 = 0 [see Eq. (4)], which result in
that the solution features both hyperbolic and trigono-
metric with the same velocity v1. Thus the multi-peak
soliton exhibits the localization and periodicity along the
transverse distribution t on a plane-wave background [see
3the following intensity figures]. Additionally, recent stud-
ies demonstrate that the multi-peak soliton can exist in
many different nonlinear physical systems [26–30]. Thus
it could be regarded as another nonlinear mode on a
plane-wave background whose feature is completely dif-
ferent from the well-known breather and rogue wave.
In the following we will study the characteristics of
multi-peak solitons in the H-MB system induced by the
higher-order effects based on the exact solution with the
existence condition v2 = 0. Remarkably, we find that the
relation between the background frequency q and the co-
efficient of higher-order terms β plays a critical rule in
the impact of higher-order effects on the multi-peak soli-
tons. It follows that the higher-order effects influence not
only the velocity but also the localization and periodicity
of the multi-peak soliton.
III. CHARACTERISTICS OF MULTI-PEAK
SOLITONS INDUCED BY HIGHER-ORDER
EFFECTS
A. Multi-peak solitons with different velocities
FIG. 1: Different velocities of multi-peak solitons with an
identical intensity structure induced by higher-order effects in
the H-MB system for the choice of β, (a) the corresponding
intensity distributions (I = |E|2) with β = 0, (b) β = 0.1,
(c) β = −0.1, (d) the intensity profiles of (a), (b), and (c) at
z = 0. Other parameters are α = 0.5, a = 1, a1 = 1, b1 = 0.5,
ω = 1, q = 2ω+ 4a1. It is shown that the higher-order effects
only give rise to velocity changes of multi-peak solitons, and
they do not affect intensity distributions.
We first study the case that the higher-order effects
only impact the velocity of the multi-peak soliton with
an identical intensity structure. To this end, we extract
the existence condition of multi-peak solitons from Eq.
(4) (v2 = 0) as follows:
k = 2n[α+ β(q − 4a1)], n = b21 + (a1 + ω)2. (5)
Note that, in this case, the parameter q and the coeffi-
cient of higher-order terms β are two independent param-
eters. As a result, for any given background frequency
q, one can observe the properties of multi-peak solitons
with different values of β. To better study the impact of
higher-order effects on the multi-peak solitons, we first
select a stationary multi-peak soliton (v1 = 0) in absence
of higher-order effects (β = 0), implying q = 2ω + 4a1.
We then study the property of this stationary wave in
presence of the higher-order effects (β 6= 0). The corre-
sponding typical intensity [I(z, t) = |E(z, t)|2] distribu-
tions are depicted well in Fig. 1.
Figure 1(a) exhibits a stationary multi-peak soliton in
absence of higher-order effects (β = 0). In this case, the
multi-peak solution reduces to the solution reported in
the NLS-MB model. Figures 1(b) and 1(c) depict the
multi-peak soliton for β > 0 and β < 0, respectively.
It shows that the multi-peak solution possesses opposite
(positive and negative) velocity depending on β > 0 and
< 0. Moreover, the velocity increases as |β| increases.
Nevertheless, a comparison of the intensity profiles in
Figs. 1(a)-(c) implies that, the multi-peak soliton has
an identical intensity structure, which is shown in Fig.
1(d). This indicates that the higher-order effects affect
the soliton’s velocity and do not impact the wave struc-
ture for a fixed value of background frequency q. One
should note that the similar impact of higher-order ef-
fects on the velocity of other types of nonlinear waves
(the standard solitons, breathers and rogue waves) has
also been revealed in various higher-order NLS systems
[23, 24, 31–35]. It is therefore believed that the velocity
change of nonlinear waves induced by higher-order ef-
fects is one of the universal properties of nonlinear waves
in different nonlinear systems in presence of higher-order
effects.
B. Localization or periodicity attenuation and
state transitions of multi-peak solitons
Next, we turn our attention to the case that the higher-
order effects influence the localization and periodicity of
the multi-peak soliton. For this purpose, we extract the
existence condition of multi-peak solitons from Eq. (4)
(v2 = 0) as follows:
q = 4a1 − 6a1βs/β, βs = (2αn− k)/(12a1n), (6)
Here the background frequency q is expressed as a func-
tion of β (thus βs 6= 0, implying k 6= 2αn); in particular,
the parameter β in this case should be nonvanishing, thus
4FIG. 2: The impact of higher-order effects on the localiza-
tion of multi-peak solitons in the H-MB system with differ-
ent values of β, (a) the corresponding intensity profiles with
β = 0.5βs, (b) β = 0.9βs, (c) β = 0.96βs, (d) β = βs with
βs = (2αn − k)/(12a1n). Other parameters are α = 0.5,
a = 1, a1 = 1, b1 = 0.5, ω = 1, k = 1. It is shown that the
localization of multi-peak solitons decreases as β → βs. The
localization vanishes when β = βs, which result in that the
multi-peak soliton is converted to a periodic wave.
the higher-order effects may play an important role in the
localized wave property.
Interestingly, we find that the higher-order effects do
impact the localization and periodicity of the multi-peak
soliton with fine tuning of β. Especially, in the particular
case of β = βs, the multi-peak soliton can be converted
to a periodic wave with vanishing localization (a2 > b21),
and the multi-peak soliton can be transformed to an anti-
dark soliton with vanishing periodicity (a2 < b21). In
the following, we will study the impact of higher-order
effects on the localization and periodicity as β → βs.
The corresponding structure profiles are displayed well
in Figs. 2 and 3.
Figure 2 shows the impact of higher-order effects on the
localization of the multi-peak soliton with a2 > b21. It is
evident to observe that, as β → βs, the multi-peak soli-
ton has its t-direction (transverse) localization gradually
decreasing and its periodicity increases. When β = βs,
the localization of the multi-peak soliton vanishes com-
pletely, and the period of the multi-peak soliton become
a constant value. Namely, in this case the multi-peak
soliton is converted to a periodic wave [see Fig. 2(d)].
The corresponding exact expression of the periodic wave
is given
E = E1
(
2a2 − 2b21
a2 + b21 cosσ1 + b1s1 sinσ1
− 1
)
, (7)
where σ1 = 2s1(t+vz), v = 2[a
2+2(b21−3a1ω)]βs+2α(ω+
3a1), s1 =
√
a2 − b21. The periodic wave is formed by the
ratio of trigonometric function and exponential function
with the period along t direction Dt = pi/
√
a2 − b21. It
should be pointed out that the periodic wave can exhibit
different structures as the period Dt changes. As Dt
increases, i.e., b1 → a, one can obtain the W-shaped
wave trains which is similar to the results in [17].
FIG. 3: The impact of higher-order effects on the periodic-
ity of multi-peak solitons in the H-MB system with different
values of β, (a) the corresponding amplitude profiles with
β = 0.4βs, (b) β = 0.6βs, (c) β = 0.8βs, (d) β = βs with
βs = (2αn − k)/(12a1n). Other parameters are the same as
in Fig. 2, but b1 = 1.3. It is shown that the periodicity
of multi-peak solitons decreases as β → βs. Eventually the
periodicity vanishes when β = βs, which result in that the
multi-peak soliton is converted to an anti-dark soliton.
If instead a2 < b21, we will observe the impact of
higher-order effects on the periodicity of the multi-peak
soliton as β → βs. As shown in Fig. 3, the peri-
odicity of the multi-peak soliton gradually attenuates
and the corresponding peak numbers decreases [see Figs.
3(a)-(c)]. Eventually the periodicity vanishes completely
when β = βs. In this case the multi-peak soliton is
converted to a single-peak soliton on a plane-wave back-
ground, i.e., the anti-dark soliton [36] [see Fig. 3(d)].
The corresponding exact expression of the soliton reads
E = E1
(
2a2 − 2b21
a2 + b21 cosh τ1 − b1s2 sinh τ1
− 1
)
, (8)
5where τ1 = 2s2(t + vz), s2 =
√
b21 − a2. This anti-dark
soliton lies on a plane-wave background with single peak
|E|2max = (2b1 − a)2, Moreover, as a → 0, this wave will
become a standard bright soliton.
IV. STABILITY OF MULTI-PEAK SOLITONS
It is well-known that the stability plays an important
role in nonlinear wave realization and application. One
should keep in mind that the multi-peak solitons reported
above are on a plane-wave background. The latter, in
general, displays the feature of MI, namely, a small per-
turbation may distort the wave profiles formed on top
of it. In our previous works [30, 32], we have numer-
ically confirmed the stability of multi-peak solitons and
W-shaped solitons (which can be regarded as a limit case
of the multi-peak soliton) in the decoupled case of the H-
MB system (the Hirota model).
Here we shall study numerically the stability of multi-
peak solitons in the H-MB system by the split-step
Fourier method with the initial condition given by the
exact solution (3) at z = −5. The existence condition
is chosen from Eq. (6) with the parameters: β = 0.5βs,
α = 0.5, a = 1, a1 = 1, b1 = 0.5, ω = 1, k = 0.1.
Figure 4 displays the stability of multi-peak solitons by
comparison the analytical solution (3) E with the corre-
sponding numerical simulation. Interestingly, the numer-
ical result [Fig. 4 (b)] shows clearly that the multi-peak
soliton can propagate in a stable manner against the MI
and ineradicable numerical deviations. In particular, we
compare the numerical result with the analytical solu-
tion by the corresponding amplitude profiles at different
z. It shows in Figs. 4 (c) and (d) that the numeri-
cal result (dotted red line) is in good agreement with
the analytical solution (solid black line) at z = −3, 3.
These results confirm numerically the stability of multi-
peak solitons in the general H-MB system, which could
be useful for the corresponding experimental observation
in an erbium-doped fiber system.
V. MULTI-PEAK SOLITONS IN DEGENERATE
CASES
It is evident that the H-MB system contains three spe-
cial cases: i) the NLS-MB model with β = 0 (thus with-
out higher-order effects); ii) the MB model with α = 0,
β = 0; iii) the decoupled case (i.e., the Hiorta model [37])
with k = 0.
Remarkably, our multiparametric solution (3) with a
general form contains the above three special degenerate
cases. Thus the similarity is that the multi-peak solitons
can exist in the three different nonlinear contexts. Since
the H-MB system can be regarded as a coupled system
of the Hirota and MB models, we will in this section
compare and discuss the similarity and difference of the
multi-peak solitons in the coupled case and two special
degenerate cases (the Hirota and MB cases).
Additionally, we omit the results of the NLS-MB model
since the property of the multi-peak solitons has been
revealed in [17]. Nevertheless, one should note that the
multi-peak soliton in the NLS-MB system is induced by
the coupled MB components, which cannot exist in the
standard NLS system.
Here we first study the multi-peak solitons in the MB
system (case ii). It is obvious that the multi-peak mode
can be extracted from Eq. (3) with α = 0, β = 0, k = 0
(thus v2 = 0). We remark that only a peculiar kind of
multi-peak solitons, i.e., the stationary multi-peak soliton
(v2 = 0, v1 = 0) can exist in the MB system, which is
different from the one in the coupled H-MB model.
We then study multi-peak solitons in the scalar Hi-
rota model in case iii. The multi-peak mode is extracted
directly from Eq. (3) with the parameter condition:
α+ βq − 4a1β = 0. (9)
It shows, in the Hirota case, the impact of higher-order
effects on the multi-peak solitons is similar to the results
in the H-MB system. Namely, the higher-order effects
impact the velocity when β and q are two independent
parameters (f.i., α = 4a1β − qβ); while higher-order ef-
fects impact the periodicity and localization when q is
expressed as a function of β, i.e., q = 4a1 − α/β. Specif-
ically, if β = α/(6a1), the multi-peak solitons can be
converted to the periodic wave (a2 > b21), and the anti-
dark soliton (a2 < b21). One should also note that in the
special condition, i.e., q = 0, the multi-peak soliton in
the Hirota model has been obtained in [27].
Thus, what is the difference between the multi-peak
solitons in the H-MB and Hirota models? We note that
the amplitude parameter k in the H-MB system can sup-
press the impact of higher-order effects on the periodic-
ity and localization of multi-peak solitons. Specifically,
if k = 2αn, implying q = −4a1 (thus the q is unrelated
to β), the constraint condition (6) reduce to the con-
straint condition (5). In this case, the higher-order effects
only impact the velocity of multi-peak solitons in the H-
MB systm. In contrast, the higher-order effects impact
both the velocity and transitions of multi-peak solitons
in the Hirota model, and the suppression of the impact
of higher-order effects on the periodicity and localization
of multi-peak solitons cannot be obtained.
VI. CONCLUSION
In summary, we have studied the characteristics of
multi-peak solitons on a plane-wave background in an
erbium-doped fiber system with higher-order effects gov-
erned by the H-MB model. The important properties of
multi-peak solitons induced by the higher-order effects,
such as the velocity changes, localization or periodicity
attenuation, and state transitions, were analyzed in de-
tail. The stability of the multi-peak solitons was ver-
6FIG. 4: (color online) Stability confirmation for the multi-peak solitons |E(z, t)|, (a) the analytical solution, (b) the numerical
simulations, (c) and (d) the corresponding amplitude profiles of the analytical solution (solid black line) and the numerical
simulation (dotted red line) at z = −3, 3. The existence condition of multi-peak solitons is chosen from Eq. (6) with the
parameters: β = 0.5βs, α = 0.5, a = 1, a1 = 1, b1 = 0.5, ω = 1, k = 0.1.
ified numerically by means of direct split-step Fourier
method. Moreover, we compared and discussed the sim-
ilarity and difference of multi-peak solitons in special de-
generate cases of the H-MB system with a general exis-
tence condition. These results will enrich the understand-
ing of the characteristics of multi-peak solitons induced
by the higher-order effects in the H-MB and other non-
linear contexts governed by higher-order NLS models.
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